As one of the two most fundamental aspects of electromagnetic phenomena, the manipulation of the magnetization in materials has attracted intensive research interests for appealing applications in data storage, spin wave operations and ferromagnetic semiconductor devices [1] [2] [3] . In particular, the generation of needle-like probes with pure longitudinal magnetization at a sub-wavelength scale is highly desired for ultra-high density magnetic storage as well as fabricating magnetic lattices for spin wave operation and atomic trapping [1, 2, [4] [5] [6] [7] . Even though electron beam lithography has enabled the fabrication of such subwavelength structures with longitudinal magnetization and the aspect ratio of them can be up to 9.3 [1] , the associated high cost and complicated near-field processes limit their practical applications.
On the other hand, light-induced magnetization through the inverse Faraday effect (IFE) [8] [9] [10] [11] [12] [13] [14] has been conceived as an invasive and far-field method to realize a longitudinal magnetization probe. As such, tightly focusing a circularly polarized beam with a high numerical aperture (NA) objective has been demonstrated to be an essential method for confining light-induced longitudinal magnetization in a diffraction-limited region [15] . Moreover, the incorporation of the amplitude modulation or binary optics (the 0/π phase modulation) offers a tremendous flexibility to elongate focal fields in the propagating direction to form optical needles [16] [17] [18] [19] [20] [21] . The implementation of these modulations on a circularly polarized beam can lead to a sub-wavelength confined light-induced magnetization [15] ; however, none of these approaches can realize ultra-long needle beams with pure longitudinal magnetization owing to the depolarization effect under the tightly focusing condition [22] . Even though the interaction between a phase singularity and a polarization singularity can lead to pure longitudinal magnetization through the IFE, the aspect ratio of the focal voxel is restricted to approximately 3 due to the lack of the capability to extend the constructive interference beyond 1.29λ in the propagating direction [23] .
The combination of vortex [23] [24] [25] , amplitude modulation [16] [17] [18] 26] and binary optics [19] [20] [21] may provide a new way to manipulate the focal field distribution, and hence the light-induced magnetization through the IFE. In this Letter, an annular vortex binary filter is proposed to modulate the incident azimuthally polarized beam for generating an ultra-long needle-like beam with pure longitudinal magnetization. The annular vortex binary filter composed of spiral phase rings with a π shift between adjacent rings plays two roles. On the one hand, it can serve as the polarization convertor so that circular or elliptical polarization can be generated in the focal region. On the other hand, it can generate an elongated field distribution in the propagating direction for ultra-long optical needles by shrinking the lateral size and extending constructive interference in the propagating direction through the π phase shift between adjacent rings. In contrast to conventional optical needles with dominant longitudinally polarized fields [16] [17] [18] [19] [20] [21] , an optical needle with pure transverse polarization is formed. Since the light-induced magnetization through the IFE is proportional to the cross product between the focal electric field and its conjugate [9] such a pure transverse optical needle can induce pure longitudinal magnetization with a sub-wavelength lateral size of 0.38λ and an ultra-long longitudinal depth of 7.48λ, which corresponds to an aspect ratio of 20.
As shown in Fig. 1 , an azimuthally polarized beam modulated by an annular vortex binary filter is focused on a nonabsorbing isotropic magneto-optical material by a high NA (0.95) aplanatic lens. Different from the traditional binary optics with 0/π phase modulation, a vortex binary filter with a phase difference of π between adjacent spiral phase rings is introduced. The helicities of the vortex rings remain the same. It is worth noting that the configuration of directions of the helicity of the annular vortex binary filters can be variable depending on the applications. Ra and Rp marked on filter 1 are adjustable parameters to optimize the field distribution. The fixed parameter R0 is the radius of the filter and the lens. Filter 1 and filter 2 correspond to the topological charges m=+1 and m=-1, respectively. Filter 1 can induce the magnetization with the same orientation as the propagating direction of the beam, while filter 2 with the opposite helicity can induce the magnetization with the opposite orientation. An obstruction disc with a radius of Ra is utilized in the filters. Fig. 1 . Schematic illustration of the set-up to generate the pure longitudinal magnetization needle. By using filter 1 at the back aperture of the objective, magnetization with the same orientation as the propagating direction of the beam (red "bars") can be induced. Magnetization with the opposite orientation (blue "bars") can be induced by using filter 2.
The incident beam through the filter at the back aperture of the objective can be expressed as
where
The filter is illuminated by a plane wave and hence E0=1. r and ϕ are the polar coordinates in the incident space. e ϕ , e L and e R are the unit base vectors of azimuthal, lefthanded and right-handed circular polarizations, respectively. Equations (1) and (2) indicate that whenever m=+1 or m=-1, one of the circular polarization components loses its phase singularity and hence forms a plane phase front. Thus, it results in circular polarization at the center of the focal field. Similar situations occur in the focused Laguerre Gaussian vortex beams [25] .
According to the Richards and Wolf diffraction theory [27] , the electric field distribution in the focal region can be expressed as Here A is a constant. r, φ and z are the cylindrical coordinates in the focal space. J0 and J2 denote Bessel functions of the first kind. θa, θp and θ0 are the converging angles corresponding to the radial positions Ra, Rp and R0, respectively. Equation (3) is represented in cylindrical vectorial components and it indicates that the filter transforms a beam with pure azimuthal polarization into a beam with radial and azimuthal polarization components which are essential to obtain longitudinal magnetization at the focus.
According to the energy considerations [9] , the phenomenological expression of the IFE can be represented as
where E is the electric field, * E is its conjugate, and γ is a real constant proportional to the susceptibility of the material [9] [10] [11] . By substituting Eqs. (3)-(6) into Eq. (7), the magnetization field can be given by (10) ez is the unit base vector in the longitudinal (z) direction. Equation (8) indicates that the light-induced magnetization is pure longitudinal.
Reducing the light spot size by increasing Ra is often accompanied by strong side lobes, which can degrade the resolution [28, 29] . To avoid the influence by the strong side lobes, Ra is optimized with a balance between the elongation of the focal field and the peak values of the lateral side lobes no larger than 0.35 of that of the principal lobe. Hence Ra=0.9R0 and the corresponding Rp = 0.9192R0 are chosen. Figure 2 shows the electric field distribution in the focal plane. The topological charge m=1 (filter 1). Figure 2(a) illustrates the phase distributions of Er and Eφ. The constant A is not considered. The cross-sections of the normalized amplitudes of Er and Eφ are shown in Fig. 2(b) . Compared with Er the phase of Eφ is delayed by π/2. In the area r<0.32λ, Er and Eφ have the same sign, which means that left-handed circular or elliptical polarization is obtained in this area as depicted in Fig. 2(c) and thus can induce magnetization with +z orientation. In the area 0.32λ<r<0.66λ, Er and Eφ are with opposite signs and the magnetization orientation can be reversed owing to the right-handed circular or elliptical polarization obtained in this area. The magnetization strength is zero at r=0.32λ and 0.66λ because the radial and azimulthal components are incapable of inducing magnetization via the IFE. Owing to the elongation effect of field distributions by the binary filter, an optical needle with pure transverse polarization is formed as shown in Fig. 3(a) . Attributed to this pure transverse optical needle, the field distribution does not change remarkably within a wide range beyond the focal plane in the z direction, and thus magnetization distribution should not significantly vary, namely a pure longitudinal magnetization needle, is induced by the pure transversely polarized optical needle as shown in Fig. 3(b) . The double-ring annular vortex binary filter can generate ultra-long focal depth without significant axial side lobes. Figure 4 depicts the comparison of magnetization distributions by different modulations on the incident beam. The magnetization fields modulated by the single-ring (Ra=0.9R0), aforementioned double-ring and triple-ring (Ra=0.9R0, Rp1=0.9098R0, and Rp2=0.9396R0) annular vortex binary filters have almost the same lateral sizes, and the full widths at half maximum (FWHM) are about 0.38λ. All of them are much smaller than that with vortex phase plate modulation only (0.51λ). With the amplitude obstruction disc, the longitudinal depth of the magnetization field is elongated by more than three times. The double-ring vortex binary filter can further extend the long depth to 7.48λ, and the peak of the axial side lobe is only 20% of the maximum of the principal lobe. In the triple-ring case, a longer depth of 12.27λ is obtained, but much higher side lobes with a peak value around 60% of the principal lobe peak value accompanies as shown in Fig. 4(c) . It can be expected that using more rings can extend the needle length but with degraded qualities accompanying significant axial side lobes.
A generally used pure vortex binary filter with five rings which was used to generate longitudinally polarized optical needles [19, 20] can only enable a magnetization needle with a lateral size of 0.47λ and a length of 3.97λ. The incident beam is the Bessel-Gaussian beam with the same parameters mentioned in Ref. [19] . In this case Rp1=0.337R0, Rp2=0.5701R0, Rp3=0.9273R0, and Rp4=0.9823R0. Even though a higher optical efficiency can be obtained, it is ruled out for consideration in this application as strong axial side lobes appear with an intensity of nearly 90% of the principal lobe peak value.
In conclusion, an ultra-long needle beam with pure longitudinal magnetization is numerically generated through tightly focusing an azimuthally polarized beam by an annular vortex binary filter. A pure transversely polarized optical needle can be generated in the focal region by the annular vortex binary filter. Through the IFE, a pure longitudinal magnetization needle with a subwavelength lateral size and an aspect ratio of 20 is realized.
The demonstrated pure longitudinal magnetization needle with a high aspect ratio holds great potentials in ultrahigh density all-optical magnetic recording and fabricating magnetic lattices for spin wave operation and atomic trapping with flexibility. 
